Some new Grüss type inequalities in inner product spaces and applications for integrals are given.
INTRODUCTION
In [1] , the author has proved the following Grüss type inequality in real or complex inner product spaces. Theorem 1.1. Let (H, ·, · ) be an inner product space over K (K = R,C) and e ∈ H, e = 1. If ϕ, γ, Φ, Γ are real or complex numbers and x, y are vectors in H such that the conditions
Re Φe − x, x − ϕe ≥ 0 and Re Γe − y, y − γe ≥ 0 hold, then we have the inequality (1.2) | x, y − x, e e, y | ≤ 1 4 |Φ − ϕ| · |Γ − γ| .
The constant 1 4 is best possible in the sense that it cannot be replaced by a smaller constant. Some particular cases of interest for integrable functions with real or complex values and the corresponding discrete versions are listed below.
for a.e. x ∈ [a, b] , where ϕ, γ, Φ, Γ are real or complex numbers andz denotes the complex conjugate of z. Then we have the inequality
The constant 1 4 is best possible. The discrete case is embodied in Corollary 1.3. Let x, y ∈K n and ϕ, γ, Φ, Γ are real or complex numbers such that
for each i ∈ {1, . . . , n} . Then we have the inequality
The constant 1 4 is best possible. For other applications of Theorem 1.1, see the recent paper [2] . In the present paper we show that the condition (1.1) may be replaced by an equivalent but simpler assumption and a new proof of Theorem 1.1 is produced. A refinement of the Grüss type inequality (1.2) , some companions and applications for integrals are pointed out as well.
AN EQUIVALENT ASSUMPTION
The following lemma holds. 
Proof. Define
A simple calculation shows that
and thus, obviously, I 1 ≥ 0 iff I 2 ≥ 0, showing the required equivalence.
The following corollary is obvious 
The following lemma also holds. Lemma 2.4. Let x, e ∈ H with e = 1. Then one has the following representation
Proof. Observe, for any λ ∈ K, that
Using Schwarz's inequality, we have
giving the bound
Taking the infimum in (2.2) over λ ∈ K, we deduce
Since, for λ 0 = x, e , we get x − λ 0 e 2 = x 2 − | x, e | 2 , then the representation (2.1) is proved.
We are able now to provide a different proof for the Grüss type inequality in inner product spaces mentioned in the Introduction, than the one from paper [1] . Theorem 2.5. Let (H, ·, · ) be an inner product space over K (K = R,C) and e ∈ H, e = 1. If ϕ, γ, Φ, Γ are real or complex numbers and x, y are vectors in H such that the conditions (1.1) hold, or, equivalently, the following assumptions
are valid, then one has the inequality
The constant 1 4 is best possible. Proof. It can be easily shown (see for example the proof of Theorem 1 from [1] ) that
for any x, y ∈ H and e ∈ H, e = 1. Using Lemma 2.4 and the conditions (2.3) we obviously have that
and by (2.5) the desired inequality (2.4) is obtained. The fact that 1 4 is the best possible constant, has been shown in [1] and we omit the details.
A REFINEMENT OF THE GRÜSS INEQUALITY
The following result improving (1.1) holds 
Proof. As in [1] , we have Using the elementary inequality 4 Re ab ≤ |a + b| 2 ; a, b ∈ K (K = R,C)
we may state that .
Finally, using the elementary inequality for positive real numbers
giving the desired inequality (3.1) .
SOME COMPANION INEQUALITIES
The following companion of the Grüss inequality in inner product spaces holds. If we apply Grüss' inequality in inner product spaces for, say, a = b = x+y 2 , we get (4.6)
x + y 2
Making use of (4.5) and (4.6) we deduce (4.3) .
The fact that 1 4 is the best possible constant in (4.3) follows by the fact that if in (4.1) we choose x = y, then it becomes Re Γe − x, x − γe ≥ 0, implying 0 ≤ x 2 − | x, e | 2 ≤ 1 4 |Γ − γ| 2 , for which, by Grüss' inequality in inner product spaces, we know that the constant 1 4 is best possible.
The following corollary might be of interest if one wanted to evaluate the absolute value of
Re [ x, y − x, e e, y ] .
Corollary 4.2. Let (H, ·, · ) be an inner product space over K (K = R,C) and e ∈ H, e = 1. If γ, Γ ∈ K and x, y ∈ H are such that
or, equivalently, In both inequalities (4.9) and (4.12) , the constant 1 4 is best possible. Proof. We only remark that, if Making use of (4.3) and (4.13) we deduce the desired result (4.9) .
Finally, we may state and prove the following dual result as well 
Proof. We know that the following identity holds true (see (3.3)) (4.16)
Using the assumption (4.14) and the fact that
by (4.16) we deduce the first inequality in (4.15) .
The second inequality in (4.15) follows by the fact that for any v, w ∈ H one has
The proposition is thus proved. 
INTEGRAL INEQUALITIES

